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Abstract 

We introduce G-Levy processes which develop the theory of processes 
with independent and stationary increments under the framework of sub- 
linear expectations. We then obtain the Levy-Khintchine formula and the 
existence for G-Levy processes. We also introduce G-Poisson processes. 
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1 Introduction 

Distribution and independence are two important notions in the theory of prob- 
ability and statistics. These two notions were introduced in [201 IE] under 
the framework of sublinear expectations. Recently a new central limit theo- 
rem (CLT) under sublinear expectations has been obtained in 123] based on a 
new i.i.d. assumption. The corresponding limit distribution of the CLT is a 
G-normal distribution. This new type of sublinear distributions was firstly in- 
troduced in [3T] (see also [22-25]) for a new type of G-Brownian motion and the 
related calculus of Ito's type. 

G-Brownian motion has a very rich and interesting new structure which 
non-trivially generalizes the classical one. Briefly speaking a G-Brownian mo- 
tion is a continuous process with independent and stationary increments under a 



*The author thanks the partial support from The National Basic Research Program of 
China (973 Program) grant No. 2007CB814900 (Financial Risk). 



1 



given sublinear expectation. A very interesting new phenomenon of G-Brownian 
motion is that its quadratic process is also a continuous process with indepen- 
dent and stationary increments, and thus can be still regarded as a G-Brownian 
motion. A natural problem is how to develop the theory of Levy processes, 
i.e., processes with independent and stationary increments but not necessarily 
continuous, under sublinear expectations. In particular, how to define Poisson 
processes under sublinear expectations. 

The purpose of this paper is to study the distribution property, i.e., Levy- 
Khintchinc formula, of a Levy process under sublinear expectations. The cor- 
responding Levy-Ito decomposition will be discussed in our forthcoming work. 
We introduce G-Levy processes for simplicity and obtain that the corresponding 
distributions satisfy a new type of nonlinear parabolic integro-partial differen- 
tial equations. Conversely, we can directly construct G-Levy processes from 
these type of equations. A specific case is G-Poisson processes. By compari- 
son with classical methods, our methods are more simple and direct. Books on 
Levy processes, e.g., [SlUUm]: are recommended for understanding the present 
results. 

This paper is organized as follows: in Section 2, we recall some important no- 
tions and results of sublinear expectations and G-Brownian motions. In Section 
3 we introduce G-Levy processes. We discuss the characterization of G-Levy 
processes in Section 4. In Section 5 we obtain the Levy-Khintchine formula for 
G-Levy processes. The existence of G-Levy processes is given in Section 6. For 
reader's convenience we present some basic results of this new type of nonlinear 
parabolic integro-partial differential equations in the Appendix. 

2 Basic settings 

We present some preliminaries in the theory of sublinear expectations and the 
related G-Brownian motions. More details of this section can be found in [19- 
25]. 

2.1 Sublinear expectation 

Let O be a given set and let Tt be a linear space of real functions defined on 17 
such that if Xi, . . . ,X n G H, then tp(X x , ■ ■ ■ , X n ) £ H for each tp G C L i P (M. n ), 
where Gii P (IR n ) denotes the space of Lipschitz functions. 

Remark 1 In particular, all constants belong to H and \X\, X + , X~ G TL if 
XeH. 
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Here we use Ciip(R n ) in our framework only for some convenience of tech- 
niques. In fact our essential requirement is that TL contains all constants and, 
moreover, X e TL implies |X| G TL. In general, Cii P (R ra ) can be replaced by 
other spaces for specific problem. We list other two spaces used in this paper. 

• C&.Lip(R™): the space of bounded and Lipschitz functions; 

• C£"(R"): the space of bounded and fc-time continuously differentiable func- 
tions with bounded derivatives of all orders less than or equal to k. 

Definition 2 A sublinear expectation E on TL is a functional E : TL —> R satis- 
fying the following properties: for all X, Y € TL, we have 

(a) Monotomcity: ELY] > E[Y] if X >Y . 

(b) Constant preserving: E[c] = c for c € M. 

(c) Sub-additivity: E[X] - E[Y] < E[X - Y]. 

(d) Positive homogeneity: E[XX] = XE[X] for A > 0. 

The triple (Cl,TC, E) is called a sublinear expectation space (compare with a 
probability space (Q,^ 7 , P)). 

Remark 3 If the inequality in (c) is equality, then E is a linear expectation on 
TL. We recall that the notion of the above sublinear expectations was systemat- 
ically introduced by Artzner, Delbaen, Eber and Heath [2, 3], in the case where 
fl is a finite set, and by Delbaen fljjj for the general situation with the notation 
of risk measure: p(X) := E[— X]. See also Ruber \1S§ for even earlier study of 
this notion E (called the upper expectation E* in Ch. 10 of [15]). 

Let X = (Xi, . . . , X n ), Xi e TL, denoted by X S TL n , be a given n- 
dimcnsional random vector on a sublinear expectation space (f2,7i,E). We 
define a functional on CLi P (R™) by 

E x [ip] := &[<p(X)] for all ip E C Llp (R n ). 

The triple (M™, CLi P (R™),Ex[-]) forms a sublinear expectation space. is 
called the distribution of X. 

Remark 4 If the distribution Fx of X G TL is not a linear expectation, then 
X is said to have distributional uncertainty. The distribution of X has the 
following four typical parameters: 

p,:=E[X], fi:=-E[-X], a 2 :=E[X 2 }, a 2 := -E[-X 2 }. 
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The intervals [fi, fj] and [g^,a 2 ] characterize the mean-uncertainty and the variance- 
uncertainty of X. 

The following simple properties are very useful in sublincar analysis. 

Proposition 5 Let X, Y E H be such that E[Y] = — E[— V], i.e., Y has no 
mean uncertainty. Then we have 

E[X + Y] = E[X]+E[Y}. 

In particular, ifE[Y] = E[-Y] = 0, then E[X + Y]= E[X]. 

Proof. It is simply because we have E[X + Y}< E[X] + E[Y] and 
E[X + Y}> E[X] - E[-Y] = E[X] + E[Y]. 

□ 

Noting that E[c] = — E[— c] = c for all c £ I, we immediately have the 
following corollary. 

Corollary 6 For each X e H, we have E[X + c] = E[X] + c for all cel. 

Proposition 7 For each X, Y eH, we have 

\E[X]-E[Y}\ <E[X-Y] vfc[Y-X]. 
In particular, \E[X] - E[Y}\ < E[\X - Y\}. 

Proof. By sub-additivity and monotonicity of E[-], it is easy to prove the 
inequalities. □ 

We recall some important notions under sublinear expectations. 

Definition 8 Let X\ and X 2 be two n-dimensional random vectors defined re- 
spectively on sublinear expectation spaces (fii,Wi,Ei) and (^2,^2^2). They 
are called identically distributed, denoted by X\ = X2, if 

Ei[p(Xi)] = E 2 [^(X 2 )] for all <p e C Llp (R n ). 
It is clear that X\ = X 2 if and only if their distributions coincide. 
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Definition 9 Let (Q,W,E) be a sublinear expectation space. A random vector 
Y = (Y\, ■ ■ ■ ,Y n ) G TL n is said to be independent from another random vector 
X = (Xi, • • • , X m ) G H m under E[-] if for each test function (p G C Lip {W n x K") 
we have 

E[<p(X,Y)]=E\fc[<p(x,Y)] x=x ]. 

X = (X\, • • • , X m ) G H m is said to be an independent copy of X if X = X and 
X is independent from X. 

Remark 10 Under a sublinear expectation space (Cl,H,E). Y is independent 
from X means that the distributional uncertainty of Y does not change after the 
realization of X = x. Or, in other words, the "conditional sublinear expectation" 
ofY knowing X is E[ip(x, Y)] x= x- In the case of linear expectation, this notion 
of independence is just the classical one. 

It is important to note that under sublinear expectations the condition U Y 
is independent from X" does not imply automatically that "X is independent 
from Y" . See the following example: 

Example 11 We consider a case where E is a sublinear expectation and X, Y G 
H are identically distributed with E[X] = E[-X] = and a 2 = E[X 2 } > a 2 = 
-E[-X 2 }. We also assume that E[\X\] = E[X+ + X~] > 0, thus E[X+] = 
^E[|X| + X] =^E[\X\] > 0. In the case where Y is independent from X, we 
have 

E[XY 2 ] = E[X + a 2 - X-a 2 ] = (a 2 - a 2 )E[X+] > 0. 
But if X is independent from Y we have 

E[XY 2 } = 0. 
2.2 G-Brownian motion 

For a given positive integer n, we denote by (x, y) the scalar product of x, 
y G W 1 and by \x\ — (a;,^) 1 / 2 the Euclidean norm of x. We also denote by S(d) 
the space of all d x d symmetric matrices and by M. nxd the space of all n x d 
matrices. For A, B G S(d), A> B means that A — B is non- negative. 

Definition 12 (G-normal distribution with zero mean) A d-dimensional ran- 
dom vector X = {X\, ■ ■ ■ , Xd) on a sublinear expectation space (0, 7i, E) is said 
to be G -normally distributed if for each a , b > we have 

aX + bX= vV + b 2 X, 



5 



where X is an independent copy of X . Here the letter G denotes the function 
G(A):=^k[(AX,X)] forAeS(d). 

It is easy to prove that ELY,] = E[— Xj\ = for i = 1, . . . , d and the function 
G is a monotonic and sublinear function. 

Let (CI, H, E) be a sublinear expectation space, (X t )t>o is called a d-dimensional 
process if X t £ H d for each t > 0. 

Definition 13 (G-Brownian motion) Let G : S(d) — > K &e a given monotonic 
and sublinear function. A d-dimensional process (B t )t>o on a sublinear expec- 
tation space (CI, 7i, E) is called a G-Brownian motion if the following properties 
are satisfied: 

(i) B = 0; 

(ii) For each t, s > 0, B t + S — B t is independent from (B tl , B t2 , . . . , B tn ) for 

each neN and < t\ < ■ ■ ■ < t n < t; 

(iii) B t + S — B t = \fs~X for t,s>0, where X is G-normally distributed. 

Remark 14 If E is a linear expectation in the above two definitions, then the 
function G is a linear function, X is classically normal and (B t )t>o is classical 
Brownian motion. 

The above two definitions can be non-trivially generalized to the following 
situations. 

Definition 15 (G-normal distribution with mean uncertainty) A pair of d- 
dimensional random vectors (X, n) on a sublinear expectation space (CI, H, E) 
is called G -distributed if for each a , b>0 we have 

(aX + bX, a 2 V + b 2 i)) = (Va 2 + b 2 X, (a 2 + b 2 ) V ), 

where (X,fj) is an independent copy of (X,r/). Here the letter G denotes the 
function 

G(p,A) :=E[^(AX,X) + (p,r ] )} for (p,A) e R d x S(d). 

Obviously, X is G-normally distributed with G(A) = G(0,A). The distri- 
bution of 7] can be seen as the pure uncertainty of mean (see [22-25]). It is easy 
to prove that G is a sublinear function monotonic in A e S(d). 
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Definition 16 (generalized G-Brownian motion) Let G : M d x S(d) — > R &e 
a given sublinear function monotonic in A € S(d). j4 d- dimensional process 
(B t )t>o on a sublinear expectation space (£!,7i,E) is called a generalized G- 
Brownian motion if the following properties are satisfied: 

(i) B = 0; 

(ii) For each t,s>Q, B t + S — B t is independent from (B tl , B t2 , . . . , B tn ) for 

each n G N and < t± < • • • < t n < t; 

(iii) i?t+ s — B t = \fsX + srj for t, s > 0, where (X, n) is G- distributed. 

The construction of G-Brownian motion was first given in [211 122] and G- 
distributed random vector was given in [24] . 

Moreover, we have the characterization of the generalized G-Brownian mo- 
tion (see [251125] ). 

Theorem 17 Let (X t )t>o be a d-dimensional process defined on a sublinear 
expectation space (fi, 7i, E) such that 

(i) X = 0; 

(ii) For eacht, s > 0, X t + S —X t andX s are identically distributed and X t + s ~X t 

is independent from (X tl , X t2 , . . . , X tn ) for each n £ N and < ti < • • • < 

tn — t : 

(iii) limtioEdXtl 3 ]*- 1 =0. 

Then (X t )t>o is a generalized G-Brownian motion, where 
G(p,A) =\imt[^(AX t ,X t ) + (p,X t )}t- 1 for (p, A) e M d x S(d). 

Remark 18 /n /act, paths of (X t )t>o in the above theorem are continuous due 
to the condition (iii) (see \VA l-?6] /). In the following sections, we consider Levy 
processes without the condition (iii) which contain jumps. 

3 G-Levy processes 

A process {X t (w) : ui G fi, t > 0} defined on a sublinear expectation space 
(fi,W,E) is called cadlag if for each w € fi, lim^o -^t+a^) = -^t(w) and 
X f _((jj) := lim^o X(_5(w) exists for all t > 0. We now give the definition 
of Levy processes under sublinear expectations. 
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Definition 19 A d- dimensional cddldg process (X t )t>o defined on a sublinear 
expectation space (£l,7i,E) is called a Levy process if the following properties 
are satisfied: 

(i) X Q = 0; 

(ii) Independent increments: for each t, s > 0, the increment X t+S — X t is 

independent from (X tl , X t2 , . . . , X tn ), for each n G N and < t\ < ■ ■ ■ < 
t n < t; 

(iii) Stationary increments: the distribution of X t+S — X t does not depend on 

t. 

Remark 20 If (X t )t>o is a Levy process, then the finite dimensional distribu- 
tion of (X t )t>o is uniquely determined by the distribution of X t for each t > 0. 

Proposition 21 Let (Xt)t>o be a d-dimensional Levy process defined on a sub- 
linear expectation space (Q,H,E). Then for each A e M nxd , (AX t )t>o is an 
n-dimensional Levy process. 

Proof. By the definition of distribution and independence, it is easy to prove 
the result. □ 

Let (X t )t>o be a d-dimcnsional Levy process defined on a sublinear ex- 
pectation space (0,W,E). In this paper, we suppose that there exists a 2d- 
dimcnsional Levy process (X£, Xf) t >o defined on a sublinear expectation space 
(r2,W,E) such that the distributions of (X t c + Xf) t >o and (X t )t>o are same. In 
this paper, we only consider the distribution property of (X t )t>o- Hence, we 
can suppose X t — X£ + X? on the same sublinear expectation space (f2,H,E). 

Remark 22 In classical linear expectation case, by the Levy-Ito decomposition, 
the above assumption of (X t )t>o obviously holds, where (X^) t >o is the continu- 
ous part and (Xf) t >o is the jump part. 

Furthermore, we suppose (X£ + Xf) t >o satisfying the following assumption: 
limEflJsqf]*- 1 = 0; E[\X?\] < Ct for t > 0, (1) 

where C is a constant. 

Remark 23 By the assumption on (X t c ) t >o, we know that (X t c ) t >o is a gener- 
alized G-Brownian motion. The assumption on the jump part (Xf) t >o implies 
that it is of finite variation. The more complicated situation will be discussed in 
our forthcoming work. 
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Example 24 Suppose (Xf) t >o is a 1- dimensional positive Levy process, i.e., 
jumps are positive. Note that 

E[Xf +s ] = E[Xf] + E[Xf +s - Xf] = E[Xf] + E[Xf] 

and E[Xf] is increasing in t, then we obtain E[Xf] = E[Xf]t. Obviously, it 
satisfies {!]]. 

Definition 25 A d-dimensional Levy process (X t )t>o * s called a G-Levy process 
if there exists a decomposition X t = X£ + Xf for each t > 0, where (X£, Xf) t >o 
is a 2d- dimensional Levy process satisfying (Qp. 

By Proposition |2"TI We immediately have 

Proposition 26 Let (X t )t>o be a d-dimensional G-Levy process defined on a 
sublinear expectation space (f2,7i,E). Then for each A £ M. nxd , (AX t )t>o is an 
n-dimensional G-Levy process. 

4 Characterization of G-Levy processes 

Let (X t )t>o be a d-dimensional G-Levy process with the decomposition X t — 
X% + Xf. In this section, we will show that for each given <p 6 Cb.LipO& d ), 
u(t, x) := E[ip(x + Xt)] is a viscosity solution of the following equation: 

dtu(t, x) — Gx[u(t,x + ■) — u(t,x)] = 0, u(0, x) = ip(x), (2) 

where Gx [/(■)] is a nonlocal operator defined by 

G x [/(•)] := limEI/^)]^ 1 for / e G b 3 (R d ) with /(0) - 0. (3) 

oj.0 

We first show that the definition of Gx [/(•)] ^ s meaningful. For this we need 
the following lemmas. 

Lemma 27 For each 8 < 1, we have 

E[\X%\ P ] < C p 5 p/2 for each p > 0, 
where C p is a constant only depending on p. 

Proof. This is a direct consequence of Theorem [TTj □ 
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Lemma 28 For each given f e Cf (R d ) with /(O) = 0, we have 

E[f(X s )} = Elf(Xf) + (Df(0),XI) + ±(D 2 f(0)Xt,Xt)]+o(5). 

Proof. It is easy to check that 

Is f( x s) f( x s) f(Xf) 

= [ {XI Df(Xf + aXf) - Df(aX£))da 
Jo 



and 



Ij := f(XI) (Df(0),XI) -{D 2 f(0)X$,XS) 

= [ [ ((D 2 f(af3X c s ) - D 2 f{Q))XlX^)adf3da. 
Jo Jo 



>o Jo 

Note that Df is bounded, then we get 



E[|/!|] < (E[|X|| 3 ])3(E[ f 1 \Df(Xf + aXg) - D f (aX c s )\^ da])^ 
Jo 

< C(E[\XI\ 3 ])i(M I \Df(Xf + aXf) - Df(aX c s )\da])i 

Jo 

<C 1 (E[|^| 3 ])*(E[|^|])t 

< C 2 8 7 ' & = o(6). 

It is easy to obtain E[|/||] < CE[|X£| 3 ] = o(S). Noting that 

\E[f(X s )] -E[f(X$) + (Df(0),X$) + ±(D 2 f(0)XlXI)]\ < E[|/| +/ 5 2 |], 
we conclude the result. □ 

Lemma 29 Let (p,A) e R d x S(d) and / e C%(R d ) with /(0) = be given. 
Then \im sl0 E[f(X d ) + (p, X%) + \{AX C S , X c 5 )\5~ l exists. 

Proof. We define 

g(t) = n.f(X?) + { Pl X c t ) + l(AX{,Xf}}. 
Obviously, g(0) = 0. For each t,s€ [0, 1], 

\g(t + s) - g(t)\ < Cs + E[Y] V E[-Y] <ds, 
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where Y = (p + AX$, X? +s - X?) + \(A{X* t+s - X?), X? +s - X?). Thus g(-) is 
differentiable almost everywhere on [0, 1]. For each fixed to < 1 such that g'(to) 
exists, we have 

g(S) g(t + S)~ g(t Q ) 
— = 6 Ad ' 

where 

A 5 = 6-\g(t +6)- E[f(X? o ) + f(X? o+s - Xf o ) + (p, X c tQ+s ) 

+ \{AXl,X% + \{A{X° tQ+5 - Xl),Xl +s - XI)]). 

Similar to the above estimate, it is not difficult to prove that |Aa| < Cy/to, 
where C is a constant independent of S and to . Thus 

llimsup^)^- 1 -liminf g(8)8- l \ < 2CVui- 

810 s l° 

Letting to j 0, we get the result. □ 

By the above two lemmas, we know that the definition of Gx [/(•)] is mean- 
ingful. It is easy to check that Gx [/(•)] satisfies the following properties: for 
each /, g £ C b 3 (R d ) with /(0) = 0, g(0) = 0, 

1) Monotonicity: G x [/(■)] > G x [g(-)} if / > 9- 

2) Sub-additivity: G x [f(-)+g(-)]<G x [f(-)]+G x [g(-)}. 

3) Positive homogeneity: G x [Xf(-)} = XG X [/(•)] for all A > 0. 

Now we give the definition of viscosity solution for Q . 

Definition 30 A bounded upper semicontinuous (lower semicontinuous) func- 
tion u is called a viscosity subsolution (viscosity supers olution) of the equation 
(B) ifu(0,x) < f{x) (> f{x)) and for each (t,x) £ (0,oo) x M. d and for each 
ip £ C^' 3 such that ip > u (< u) and ip(t,x) = u(t,x), we have 

d t ^(t,x)-G x [^(t,x + -)-^(t,x)}<0 (>0). 

A bounded continuous function u is called a viscosity solution of the equation 
(TJP if it is both a viscosity subsolution and a viscosity super solution. 

We now give the characterization of G-Levy processes. 

Theorem 31 Let (X t ) t >o be a d- dimensional G-Levy process. For each ip £ 
C b . Llp (R d ), define u(t,x) = E[tp(x + X t )\. Th en u is a viscosity solution of the 
equation {ip. 
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Proof. We first show that u is a continuous function. Obviously, \u(t, x) — 
u(t,y)\<C\x-y\. Note that 

u{t + s,x)=±[<p{x + X s +X t+s -X s )}=±[u{t,x + X s )], 

then for s < 1, \u(t + s,x) - u(t,x)\ < CE[\X C S + X$\] < C ly fs. Thus u is 
continuous. For each fixed (t,x) <E (0,oo) x R d and tp £ C^ 3 such that ip > u 
and ip(t,x) = u(t,x), we have 

ip(t,x) = u(t,x) = E[u(t-6,x + X s )] < %>(t- S,x + X s )]. 

Therefore, 

< E[ip(t -8,x + X s ) - ip(t, x)] 
= -d t ip{t, x)S + E[ip(t, x + X s )~ ip(t, x) + I s ] 
< -Wit, x)S + E[rp(t, x + X s )- *jj(t, x)} + M[\I S \], 

where I5 = 5 f Q [dtip(t, x) — dtifj(t — (38, x + X§)]d/3. It is easy to show that 

E[\I S \] < CE[S(S + \X s \)]=o(S). 

By the definition of Gx, we get 

dti>{t, x)-GxbP(t,x + -)- iP{t, x)} < 0. 

Hence, u is a viscosity subsolution of ([2]). Similarly, we can prove that u is a 
viscosity supersolution of @. Thus u is a viscosity solution of $2$. □ 

Remark 32 We do not know the uniqueness of viscosity solution for fU). For 
this, we need the following representation of Gx ■ 

5 Levy-Khintchine representation of Gx 

In this section, we give a representation of the infinitesimal generator Gx , which 
can be seen as the Levy-Khintchine formula for G-Levy processes. We first give 
some lemmas. 

Lemma 33 Let (p,A) e R d x S(d) and f E C b . Llp (R d ) with /(0) = and 
f(x) = o(\x\) be given. Then limaj.0 + (p, Xf) + \(AX%, X^jS' 1 exists. 

Proof. Since f(x) — o(\x\), there exists a sequence {S n : n > 1} such that S n J, 
and \f(x)\ < —\x\ on |x| < S n . For each fixed S n , we can choose f% £ Cjj(R d ) 
with /*(0) = such that 

\f{x)-r n {x)\<^\x\ + -\x\, 
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where L is the Lipschitz constant of /. Thus 

&[\f(xf)-K(xt)\] 1 A\ x s\] < c{ ^£ + 1 } _ 

(5 — o*„ n 5 ~ S n n 

By Lemma HH] and the above estimate, we conclude the result by letting first 
e I and then n — > oo. □ 

We denote by 

Co = {/ € C b . Llp (R d ) : /(0) = and /(as) = o(|x|)} 

and 

£ = {(f,P,Q,A) : / G C and (p,g,A) e R d x R d x S(d)}. 

It is clear that Co and C are both linear spaces. Now we define a functional F[-] 
on C by 

¥[(f,p, q, A)} := hmE[/(X|) + + («, X 5 C ) + ±<AY£, A^cT 1 . 

Similar to the proof of the above lemma, we know that the definition of F[-] is 
meaningful. 

Lemma 34 The functional ¥ : C — > K satisfies the following properties: 

(1) F[(/i,p > « ) i4i)]>F[(/ 3> p, ? ,A 3 )] *//i>/ 2 and^ >A 2 . 

(2) F[(/ 1 +/ 2 ,p 1 +p 2 ,g 1 + g 2 ,A 1 + i4 a )] < F[(/ 1) p 1) g 1 ,^ 1 )]+F[(/ 2) p 2 ,g 2 ,^ 2 )]. 

(3) F[A(/,p,g,A)]=AF[(/,p,g,A)] /or a H A > 0. 

(4) If f n e Co satisfies f n | 0, then F[(/„, 0, 0, 0)] j 0. 

Proof. It is easy to prove (1), (2) and (3). We now prove (4). For each fixed 
< r/i < i]2 < oo, it is easy to check 

/«(*)<( SUp 4¥)N + ( ™P /n(l/))— + ( SUP — ■ 

Thus 

F[( /n ,0,0,0)]<C( sup ^^"^^"M+^/i^), 
0<|j/|< m |y| ??1 ?? 2 

Noting that sup r)i <| a |<^ 2 f n (y) J. 0, we have 

limF[( /n ,0,0,0)]<C( sup 4M + SUP ^ /l(j/) ). 

™^°° 0<|y|<7)i M ^2 
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Letting first 771 — > and then 772 — * 00, we obtain (4). □ 

By (2) and (3) of the above lemma, we immediately obtain that there exists 
a family of linear functionals {F u : u g Uq} defined on C such that 

¥[(f,p,q,A)} = sup F u [(f,p,q,A)]. 

The proof can be found in [24] . Note that (1) and (4) of the above lemma, then 
for each F u , by Daniell-Stone theorem, there exist (p' , q',Q) g M d x R d x R dxd 
and a unique measure v on (R d \{0}, S(R d \{0})) such that 

F u [(f,p,q,A)] = f f(z)v(dz) + (p,j/) + (q,q') + hx[AQQ T ]. 

JR d \{0} 1 

Thus 

¥[(f,p,q,A)] = sup {/ f{z)v(dz) + {p,p') + {q,q') + \tr[AQQ T ]}. 

(v,p',q',Q)£U JR d \{0} z 

(4) 

In particular, 

limEl/prj^- 1 = sup f f(z)v(dz), (5) 

where 

V = {v: 3(p',q',Q) such that {v,p',q',Q) € U Q }. (6) 
Taking specific /, we can easily prove that 

(1) For each e > 0, supj, 6V v({z : \z\ > e}) < 00. 

(2) For each e > 0, the restriction of V on the set {z : \z\ > e} is tight. 

(3) sup^y/j^ \z\v(dz) < 00. 

In fact, it is easy to deduce that (3) implies (1) and (2). Similarly, it is also 
easy to show that all (p', q', Q) in Uq are bounded. Now we give the representa- 
tion of G x - For each / g C 6 3 (M d ) with /(0) = 0, by Lemma [28] and the above 
analysis, we have 

G x lf(-)}= sup {/ (/(*) - {D f ^\f )v{dz) + (Df(0), P > + q') 

(v,p',q',Q)eUo JR d \{0} 1 + \ x \ 

+ \tv[D 2 f{0)QQ T ]}. 

Note that sup^gy L d |z|u(<i2) < 00 , then we have the following Levy-Khintchine 
representation of Gx ■ 

G x [f(-)]= sup {/ f(z)v(dz) + (Df(0) 7 q) + h r {D 2 f(0)QQ T ]}. (7) 

(v,q,Q)eU JR d \{0} z 

We summarize the above discussions as a theorem. 
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Theorem 35 Let (X t )t>o be a d- dimensional G-Levy process. Then Gx [/(•)] 
has the Levy-Khintchine representation where (q,Q) S R d x R dxd and v is 
a measure on (R d \{0}, B{R d \{0})) satisfying 

sup {/ \z\v{dz) + \q\ + tr[QQ T }} < oo. (8) 

(v,q,Q)£U JR d 

We then immediately have the following theorem. 

Theorem 36 Let (X t )t>o be a d-dimensional G-Levy process. For each ip £ 
Cb.Lip(^ d ) , define u(t,x) = ]E[ip(x+Xt)]. Thenu is the unique viscosity solution 
of the following integro-partial differential equation: 

dtu(t,x)— sup {/ (u(t, x + z) — u{t 1 x))v(dz) + {Du{t 1 x), q) 

(v,q,Q)eU JM d \{0} 

+ ^tr[D 2 u(t,x)QQ T }} = 0, (9) 

where 11 represents Gx ■ 

Proof. By Theorem 1331 and |3"T1 u is a viscosity solution of ©. For the unique- 
ness, see appendix. □ 

Remark 37 The definition of viscosity solution for is the same as Defini- 
tion^ 

6 Existence of G-Levy processes 

We denote by tt = D (R+,R d ) the space of all Revalued cadlag functions 
(wt)tgM+, with ujq = 0, equipped with the Skorokhod topology. The correspond- 
ing canonical process is B t (ui) — u>t for u> € ft, t > 0. We define 

T t := a{B s : s < t} and T = \j T t - 

t>o 

Following gDHHlim, for each fixed T e [0, oo), we set 
L ip {F T ) ■= {<p(B tl AT, ■ B tnAT ) :neN,t u ...t n e [0, oo), p € C b . Lip {R dxn )}. 
It is clear that Li V {Tt) C Lh p {Tt) for t <T. We also set 

oo 

LipifF) := Li p (J- n ). 

71=1 



15 



Let U be given and satisfy . We consider the corresponding integro-partial 
differential equation ([9]). For each given initial condition <p S Cb.Lip(^ d ), the 
viscosity solution for ^ exists (see appendix). Furthermore, we have the 
following theorem. 

Theorem 38 Let u v denote the viscosity solution of f3|) with the initial condi- 
tion ip £ Cb.Lip(R d ). Then we have 

1) u v >u^ if(f> i/j. 

2) uf +r ^ <v? +u^. 

3) u^ +c = v? + cforceR. 

4) = Xv? for all A > 0. 

5) uf(t + s,x) =u uV( . t ' x +-\s,0). 

Proof, ft is easy to check 3)-5). 1) and 2) are proved in appendix. □ 

We now introduce a sublinear expectation E on Li p (T) by the following two 
steps: 

Step 1. For each £ € L ip {T) of the form £ = ip(B t + s — B t ), t, s > and 
f G C(,.Li p (R d ), we define E[£] = u(s, 0), where u is a viscosity solution of © 
with the initial condition w(0,x) = ip(x). 

Step 2. For each £ <E L^J 7 ), we can find a S C b .Li P 0& dxm ) such that 
£ = <p(B tl ,B t2 - B tl , . . . , B tm - B tm _ 1 ), h <t 2 < ■■■ < t m . Then we define 
E[£] = <j) m , where </> m G R is obtained via the following procedure: 

0i (xi, . . . ,x m -x) = E[0(xi, . . . ,x m _i,5 tm - B tm _ 1 )]; 
4> 2 (xi, ■ ■ • ,x m _ 2 ) = E[0i(xi, . . . ,ar TO _ 2 ,-Bi m -i - S 4m _ 2 )]; 

m _i(xi) = E[0 m _ 2 (xi,B t2 --Bti)]; 
m =E[0 ro _ 1 ( J B tl )]. 

The related conditional expectation of £ under J- tj is defined by 

E[e|^] =E[(f>(B tl ,B t2 -B tl ,...,B tm - B tm _,)\F tj ] 
= (f> m -j(B tl , . . . , B tj - B tj ._ 1 ). 

By the above theorem, it is easy to prove that E[-] consistently defines a sub- 
linear expectation on Li p {T). Then Li p (T) can be extended to a Banach space 
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under the norm \\X\\ := E[|X|]. We denote this space by Lq(!F). Note that 
|E[JT] — E[Y] | < E[\X — Y\], then E[-] can be extended as a continuous mapping 
on L^(T) which is still a sublinear expectation. Similarly, it is easy to check 
that the conditional expectation E[-|J r t ] can be also extended as a continuous 
mapping L\j{T) — > Lq(Fi). We now prove that the canonical process (B t )t>o 
is a G-Levy process. For this, we need the following lemma. 

Lemma 39 Let {X n }^ =1 and {^n}^Lx be ^ wo sequences of d- dimensional ran- 
dom vectors on a sublinear expectation space (f2,W,E). We assume that Y n 

is independent from X n for n = 1,2, If there exist X, Y S H d such that 

E[|X„ — X\] — > and E[|y„ — Y\] — ► 0, then Y is independent from X . 

Proof. For each fixed ip € C Llp (R 2d ), we define 

(p n (x) = E[ip(x,Y n )] and Cp(x) = E[ip(x, Y)]. 

It is clear that \<p(x) - <p n {x)\ < C(\x - x\ + E[\Y n - Y\]). Thus \E[<p n (X n )] - 
%(X)]| < C(E[\X n -X\]+E[\Y n -Y\}). Note that E[tp n (X n )] = t[<p(X n , Y n )], 
then we obtain E[<^(X)] = E[y>(X, Y)], which implies that Y is independent 
from X. □ 

Theorem 40 The canonical process {B t )t>o is a G-Levy process. 

Proof. Consider Oo(R + ,lR 2d ) and the canonical process (Bt, B t )t>o- Similar to 
above, we can construct a sublinear expectation, still denoted by E[-], on Li p (T) 
via the following integro-pdc: 

d t w(t,x,y)- sup {/ (w(t,x,y + z) - w(t,x,y))v(dz) + (D x w(t,x,y),q) 

(v,q,Q)eU JR d \{0} 

+ ^tr[D 2 x w(t,x,y)QQ T ]} = 0. 
It is easy to check that the distribution of (B t )t>o satisfies the following equation: 
d t u(t,x)~ sup {{Du(t,x),q) + ^-tr[D 2 u(t,x)QQ T }} = 0. 

(9,Q)6M 2 

Thus {B t )t>o is the generalized G-Brownian motion. The distribution of (B t )t>o 
satisfies the following equation: 

d t u(t, y) - sup / (u(t, y + z) - u(t, y))v(dz) = 0. 
vev JR d \{o} 

We now show that B t belongs to Lq(T) and satisfies ([1]). Consider the function 
<h(y) = d + J2z=i yi(arctanj/j + Tr/2). Define (y) = 4> (y-N) for N > and 

0&i(tf)=sup/ (y + z) ~ ^ (y))v(dz) for i = 1, 2, . . . . 

f£V jR d \{0} 
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Then it is not difficult to check that u N (t,y) := J^iLo ir^iv) ^ s ^he solution 
of the above equation with the initial condition . It is easy to check that 
4>o(y) > J2i=i vt an d u \t,0) — > as N — > oo. Therefore, we conclude that 
\Bt\ G L^T). Note that u(t,y) := \y\ + isup„ eV J Rd \z\v(dz) is a viscosity 
supersolution of the above equation, then ([1]) holds. It is also easy to check that 
the distribution of (B t + Bt)t>o satisfies ©■ By the above lemma, (B t )t>o is a 
G-Levy process. □ 

Example 41 We consider the following 1- dimensional equation: 

dtu{t, x) — G\(u(t, x + 1) — u(t, x)) — 0, it(0, x) — ip(x), 

where G\(a) = a + — \a~ , A G [0, 1]. This equation is a special case of the above 
equation with V = {Si : I G [A, 1]}. Thus we can construct the corresponding 
sublinear expectation E[-]. The canonical process (Bt)t>o is called the G-Poisson 
process under this sublinear expectation E[-]. We also have 

• If tp is increasing, then TSL[ip(x + B t )} = 1\V( X i) e ~ l ■ 

• If ' (p is decreasing, then R{<p(x + B t )\ = J2°Z ^r-^ix + i)e~ xt . 

In particular, E[_B f ] = t and — E[— B t ] = Xt. Thus it characterizes a Poisson 
process with intensity uncertainty in [A, 1]. 



Remark 42 We consider the following integro-pde: 

d t u(t,x)— sup { f (u(t, x + z) — u(t, x) — ^P^X2^h z ^ ) v (dz) 

(v,q,Q)eU JB d \{0} 1 + \ z \ 

+ {Du(t, x),q) + ^tr[D 2 u(t, x)QQ T }} = 0, (10) 

where 

sup {/ (|z|i[ N >i] + \z\ 2 I M<1] )v{dz) + \q\ + tr[QQ T }} < oo 

(v,q,Q)eU JR d 

and 

limsup / |z| 2 w(dz) = 0. 
k10 vevJ\z\<K 

For each given initial condition <p S Cf,.Lip{^- )> the viscosity solution for 
ild\) exists (see appendix). Thus we can construct the corresponding sublin- 
ear expectation. Obviously, the canonical process {B t )t>o is a Levy process 
and has the decomposition B t — B t c + Bf. But it does not satisfy {!]) if 
su P«gv/| 2 |<i \z\v(dz) = OO. 
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7 Appendix 



In the appendix, we mainly consider the domination of viscosity solutions for 
© and (HDJ. We refer to [H H [3 [H HI] and the references therein. For 
simplicity, we consider the following type of integro-pde: 

d t u(t,x)-G{Du(t,x),D 2 u{t,x),u{t,x+-)) = 0, u(0,x) = <p e C b . Lw (R d ), (11) 

where G : R d x §(d) x G fc 1,2 -► M, (t, a:) G Q T := (0, T) x R d . We suppose G 
satisfies the following condition: 

(Al) If p k — > p, X fe -> X and for (t k ,x k ) -> (i,x), (f>k{t k ,x k + •) -> 0(i,x + ■) 
locally uniform on M d , <^>fc uniformly bounded and D n cf>k — > n = 1, 2, 

locally uniform on Qt, then 



(A2) If X > Y - and (</> — VOtA ') nas a global minimum at x, then 

G(p, x, 0(t, x + •)) > G(p, y x + •)). 

(A3) For each constant c 6 R, G(p, X, <j>{t, x + ■) + c) = G(p, X, 0(t, x + •))■ 
For the equation ((9|), the corresponding G is 



Obviously, it satisfies all the above assumptions. The above assumptions also 
hold for the equation (fTrJ|) . 

The definition of viscosity solution for (jTTJ) is the same as Definition [30l 
We also suppose that for each given k € (0, 1), there exists G K : R d x S(d) x 
SGbiQr) x C 1 ^ 2 (Qt) — > K, where SC^Qt) denotes the set of bounded upper 
or lower semicontinuous functions, satisfying the following assumptions: for 



P eR d ,X,Y e S(d), «, -« e USC b (Q T ), «; G SC 6 (Q T ), (p, i>, fa e c£' a (Q r ), 

(Bl) G K (p, X, 0(t, x + ■), 0(t, a? + •)) = G(P, X, <f>(t, x + •))• 
(B2) If X > y, (v — u)(t, •) and (0 — VOtA ') have a global minimum at x, then 
G K (p, X, v(t, x + ■), cf>(t, x + ■)) > G K (p, Y, u(t, x + ■), ip{t, x + •))• 

(B3) For ci,c 2 G K, 

G K {p, X, w(t, x + •) + ci, x + ■) + c 2 ) = G K (p, X, to(t, x + •), x + -)). 



G(p k ,X k ,(/> k (tk,x k + •)) -» G(p,X,<j)(t, x + ■)). 
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(B4) If tpk(t, •) — ► w(t, •) locally uniform on R d and tpk(t, ■) uniformly bounded, 
then G K (p,X,V>fc(£,a; + ■)>(*, z + ■)) ~> G K (p, X, w(t, x + •), <j>(t,x + •))• 

For the equation ©, the corresponding G K is 

G K (p, X, u(t, x + •), (j)(t, x + ■)) = sup {/ (u(t, x + z) — u(t, x))v(dz) 

(v,q,Q)€U J\z\>k, 

+ I (<t>(t, x + z)- <f>(t, x))v{dz) + (p, g) + \tr[XQQ T ]}. 

J\Z\<K Z 

It is easy to check that this G K satisfies the above assumptions. The above 
assumptions also hold for the equation (JTUJ) . 

Remark 43 Our assumptions (Al) and (B4) are different from J4\ \ Tfj . This 
is because that the measures in U may be singular, which make the problem more 
difficulty in taking the limit. See the following example. 

Example 44 Consider V — {S x : x S (1,2]} and an upper semicontinuous 
function f{x) = Lo t n(x). Let f n be a sequence of continuous functions such 
that f n — > / pointwise. Then it is easy to show that sup„ 6V J f n {z)v(dz) does 
not tend to sup^gy J f{z)v{dz). 

Proposition 45 Suppose u £ USC^Qt) (u € LSCb(Qr)) is a viscosity sub- 
solution (viscosity super solution) of ill]) . If u is continuous in x and for 
cf> £ C ,1,2 (Qt); (t,%) G Qt is a global maximum point (minimum point) of 
u — 4>, then for each k £ (0,1) we have 

dt<f>(t, x) - G K (Dcj)(t, x),D 2 cf>(t, x),u(t, x + -), cj)(t, x + •)) < (> 0). 

The proof can be found in [17j and the references therein. 
In the following, we first extend the matrix lemma in [6 . 

Theorem 46 Suppose that X, Y £ S(N) satisfy X <Y < ~ J for some 7 > 0. 
Define = X(I - jX)- 1 and Y 1 = Y(I - -/Y)- 1 . Then Y~* > X^ > X and 

x~< > -i/. 

— 7 

Proof. For each A £ S(N) with A < -I, it is easy to check that for each fixed 
V G R W , 

max {(Ac, x) - -\x - y\ 2 } = (A(I - 1 A)~ 1 y 1 y). (12) 
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From the condition X < Y < -I, we have 



(Xx,x) - -\x- y\ 2 < (Yx,x) - -\x- y\ 2 for x,y £ R N . 
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Thus for each fixed y £ 



pN 



m&xUXx, x) \x — y\ 2 \ < max{(Y"a!, x) la; — y\ 2 \. 



By (fT2")l we obtain 



(Xfy,y) < (Y"<y,y) for all y £ 



which yields Y 1 > X 1 '. It is easy to check X~< > X and X' 1 > The proof 

is complete. □ 

In particular, we consider 

/ (n-l)J -I ■■■ -I \ 

-I '•• '■■ : 



J nd ,— 



V 



-i 



-i 

-I (n- 1)/ / 



ndxnd 



It is easy to prove that J 2 d — nJ n d and for each given 76 (0, i), J n a < -I and 
J'nd = i-n ^ nd ' ^ n ^ ne following, we always use J n d for convenience. Then we 
immediately get the following corollary. 



Corollary 47 Let Xi £ §(d), i = 1, . . . , n, satisfy 
( x x • • • \ 







V 



< Jn 



x n j 



Then for each given 7 £ (0, — ), (/ — jXj) 1 exists for i — 1, . . . , n, and Xj 
Xi(l — jXi)' 1 , i = 1, . . . , n, satisfy Xj > Xi and 



( n 



-Ind < 



\ 



< 



1 



1 — TV) 



J nd • 



V • • • xi ) 

We now give the main lemma (see Lemma 7.8 in |17j ) 



21 



Lemma 48 Let m € USC^Qt) be viscosity subsolutions of 

d t u(t, x) — Gi(Du(t, x), D 2 u(t, x), u(t, x + •)) = 0, i = 1, . . . , n, 



on Qt, where Gi, i — l,...,n, satisfy (Al)-(AS). Let <p S C^' 2 satisfy that 
(t, X\, . . . , x n ) € (0, T) x R" d is a global maximum point of ^2™ =1 Ui(t,Xi) — 
4>{t, x\, . . . , x n ). Moreover, suppose that there exist continuous functions go > 0, 
gx, . . . , g n such that 



D 2 (j) < go(t,x)J nd + 



( 5i (Mi) 


V 



\ 



g n (t,x n ) } 



Then for each 7 G (0, — ), there exist bi S K and Xi G S(d), i = 1, . . . , n, such 
that 



(i) b\ H h b n = d t (j)(t,xi, . . . ,x n ); 

(ii) 



7 



/ Xi 

'■• 



V 

where x — {x\ , . . . , x n ) and 

( 5i (Mi) 





\ 



x n J 



1 — 717 



\ 







V •••0 g n (t,x n ) J 

(iii) for each i — 1, . . . , n, 

b. t - G l (D Xt (/)(t,x), Xi,(j>{t,x\, . . .,Xi-i,$i + ■ ■ ,x n )) < 0. 

Remark 49 Applying the above matrix inequalities, the proof in still holds. 

Remark 50 If Ui is continuous in x, we can further get that for each k £ (0, 1), 
hi - G?(D Xi (j)(i,x), Xi,Ui(i,Xi + ■),<f)(i,x 1 , . . . ,x l -i,x i + -,x i+1 ,. . .,%)) < 0. 
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We now give the main theorem, which combines the methods in [53] and [I] . 

Theorem 51 (Domination theorem) Let Ui G USC(,([0, T) x M. d ) be viscosity 
subsolutions of 

dtu(t, x) — Gi(Du(t, x), D 2 u(t, x), u(t, x + •)) = 0, i = 1, . . . ,n, 

on Q T , where G t and Gf , i = 1, ...,n, satisfy (Al)-(AS) and (B1)-(B4). We 
suppose also that 

(i) There exists a constant C > such that for each K € (0, 1), p,q £ Mr, X , 

Y G S(d), u G SC fc (Q T ), </? G C^^Qt), V-i G C^) and V>2 G C 2 {^ d ), 

|G?(p, x, u (t, •) + Vi(0, •) + MO) - g? (?, y u(t, •), -))l 

< C(|p- 9 | + ||JT-y||+ sup |Ityi(aOI + sup (|I^ 2 (x)| + 1^2^)1)); 

(ii) for given constants /3j > 0, i = 1, ...,n, t/ie following domination con- 

dition holds for d: for each (t,x%, . . . ,x n ) G (0, T) x R Tld , (pj,Xj) G 
R d x S(d) and ^ G C 1 ' 2 {Q T ) such that £? =1 PiPi = 0, E™=1 ^ °> 

E"=l 0iUi(t,Xi +■) < YH=lPi u i(t> x i) and Y£=\Pi D( l>i{ t i x i) = °> 
n 

^jG" (pi,Xi, Uj(t, Xj + -),4>i{t,Xi + 0) < o K (l) as k -> 0. 

4=1 

TTien a similar domination also holds for the solutions: ifui(0, ■) G Cb.iipCR 11 ) 
arirf E"=i A"i(0, < 0, tfien E"=i < /or a// 1 > 0. 

Proof. For each given 8 > 0, it is easy to check that for each 1 < i < n, 
■Hi := Ui — S/(T — t) is a viscosity solution of 

d t u(t, x) - G l {Du(t, x), D 2 u(t, x), u(t, x + ■)) < -c, c := S/T 2 . (13) 

For each A > 0, the sup-convolution of Ui is defined by 

~\r \ r~ / \ \ X ~ r / \ 1^ — 2/1 1 ^ 

<(i,x) := sup {ui(t,y) }= sup{ui(t,y) }-- — -. 

yg Rd A ygR d A It 

The function is upper semicontinuous in (t, x) and continuous in x. More- 
over, is still a viscosity solution of (fTB")) (see Lemma 7.3 in [T7]). Note that 
Ui(0, G C&.Lip(U d ), then we can choose a small Ao > such that for each 
A < A , £r=i ftfiftO, < 0. Since J^ti A«« < follows from £™=i < 
in the limit (5 J. and E"=i i J27=i Pi^i as A | 0, it suffices to prove the 
theorem under the additional assumptions: Ui is a viscosity solution of (|13p . 
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is continuous in x and lim t ^T Ui(t, x) = — oo uniformly in [0, T) x M. d . To prove 
the theorem, we assume to the contrary that 

n 

sup f3iUi(t, x) = mo > 0. 

(t,z)£[0,T)xR d i=1 

We define for x = (xi, x 2 , ■ ■ ■ , af„) € R rad 

l<i<i<fi 

where ipp(xi) := i/)(J3xi) and ^ G Cf(R d ) such that = for |xi| < 1 

and ip( x i) — %Y2i=i 0i\\ u i\\ao f° r l^i I > 2. It is easy to check that i/jp(xi) = 
AlklU for |si| > 2/0 and supflltyul + H^V/jII} - as /3 -> 0. We 

define 

M e>/3 = sup {y^/?i"i(*)St) - £ ,j3(a;)}. 

(i,x)e[0,T)xE»< J i=1 

By the construction of tpp, for small e, (3 > 0, the maximum of the above function 
is achieved at some (i,x) = {i,xi, . . . ,x n ) with \x%\ < 2/f3, J2i<i<j< n \%i ~ 
Xj\ 2 < (2eJ2" =1 /3 4 |M|oo) 1/2 and M e3 > m Q /2 > 0. Thus there exists a 
constant Tq < T independent of e and (3 such that t < Tq. For fixed small /3, 
we can check that (see Lemma 3.1 in [7]) 

!) I T,i<i<j<„ \*i ~ ^jl 2 as e 0. 

2) lim^o M ejj g = sup (t:2 . )e[0; r )xR 4E"=i = E?=i /3A(t, 2)- 

^p(z) > 7Tl o/2, where (t, is any limit point of (i, a?i ) . 

Since u t £ USC([0, T) x R d ) and £™ =1 P l u l {0, •) < 0, it is easy to get i > 0. 
Thus t must be strictly positive for small e. Applying Lemma 03] at the point 
(t, x) = (t, ii, ... , 5 n ) and taking 7 = 1/ (2n), we obtain that there exist &i € M 
and Xi e S(d) for i = 1, . . . , n such that Yl7=i = 0' 

/ frXi • • 

'•. '■ 

\ •••0 

and for each k € (0, 1), 

6j - G"(pi,Xi,Ui(t,Xi + ■),Pi 1 <t> e ,p{xi, . . .,Xi_i,Xi + ■ • .,x n )) < -c, 



\ 





0nX n ) 







V 









0/ 



2 

< -Jnd, 
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where pi = j3 i 1 D Xi 4> £i p(x). It is easy to check that E"=i PiPi = Dt})p(xi) and 
E"=i W < D 2 ipp(xi). Thus for each k e (0, 1), 

n n n 

2—1 J — 1 2—1 

n 

> -^2l3iG1(pi,Xi,Ui{i,Xi + ■),Pl 1 (f> e ^{xi, . . .,Xi-x,Xi + -,Xi+i, . . . ,x n )) 

i=l 

> o K (l) - PiG1( Pl , X u Ul(t, Xl + ■), A _1 0e,/3(Si + ;x)) 

+0iGZ(p! - pi, Xi - Xi,{ti(t, ii + •) - !(■), /3f Ve,/3(*i + •, i) - «(•)) 

> o K (l)-Csup{\D^\ + \\D 2 ^\\}, 

where 5 = (5 2 ,...,S n ), pi = ^Dt/j^xi), Xi = f3^ 1 D 2 ipp(xi) and /(•) = 
P± ij)f)(x\ + •)■ The right side tends to zero as k — ► first and then /3 — > 0, 
which induces a contradiction. The proof is complete. □ 

Remark 52 TTie above theorem still holds for general G, which may contain 
it, x, u, Du, D 2 u, u(t, ■)). 

We have the following corollaries which are important in this paper. 

Corollary 53 (Comparison theorem) Let the functions u £ USC&([0, T) x M. d ) 
and v £ LSCb([0,T) x R d ) be respectively a viscosity subsolution and a viscosity 
supersolution of ill]) . Suppose G and G K satisfy (Al)-(AS) and (Bl)-(BJ^) and 
the condition (i) of Theorem\51\ Furthermore, we suppose that 

(iii) For each (p,X) £ R d x S(d), u £ SC b (Q T ), fa, fa £ C 1 ' 2 (Q T ) with 
Dfa(t, x) = Dfa(t, x), as k — ► 0, 

\G K {p, X, u(t, x + -),fa(t,x + •)) - G K (p, X, u(t, x + •), fa(t, as + -))l — 0. 

Ifu(0,-), u(0,-) £ C b . Llp {R d ) andu(0,-) < v{0,-), thenu{t r ) < v(t,-) for 
all t > 0. 

Corollary 54 (Sub-additivity) Let u v denote the viscosity solution of ill]) with 
initial condition ip. Suppose G and G K satisfy all the conditions of Corollary[5^\ 
and the following condition: 

(iv) For each (p,:,X) £ R d x S(d), u, £ SC b (Q T ), fa £ C 1,2 (Qr), i= 1,2, 

G K (pi +P2,Xi +X 2 ,(wi + u 2 )(t,-),(fa + fa)(t,-)) 
< G K {p 1 ,X 1 ,u 1 (t, •), fa(t, ■)) + G K (p 2 , X 2 , u 2 (t, -),fa(t, •)). 
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Then <u* + for each tp, i/j G C b . Llp {R d ). 

Corollary 55 (Convexity) Let u v denote the viscosity solution of with 
initial condition tp. Suppose G and G K satisfy all the conditions of Corollarv[olj\ 
and the following condition: 

(v) For each A e (0,1), faXJ G R d x S(d), u, G SC 6 (Q T ), fa G C^ 2 {Q T ), 

G K (\( Pl ,x 1 ,u 1 (t,-),M-t,-)) + ^- X)( P 2,X 2 ,u 2 (t,-),Mt,-))) 
< AG"(pi, X x , Ul (t, •), ')) + (1 - A)G K (p 2 , X 2 , u 2 (t, •), Mt, •))• 

Then < Xu v + ^ _ A ) u ^ y or eac/l ^ ^ e Gfe.i / ip(M d ). 

For our main equations © and p0[) . it is easy to check that all assump- 
tions (i)-(v) hold. Perron's method for (fTTj) still holds (the proof is similar to 
Proposition 1 in pQ). 

For each ip G C^(M. d ), it is easy to find constants M\ and M 2 such that 
u(t, x) := M\t + ip and v(t, x) := M 2 t + cp are respectively the viscosity subsolu- 
tion and supersolution of © and (|10p . By Perron's method and approximation, 
the solutions of © and PH|) exist for each G Cf,.£ i)9 (M d ). 

References 

[1] Alvarez, O., Tourin, A., Viscosity solutions of nonlinear integro-differential 
equations, Ann. Inst. H. Poincare Anal. Non Lineaire, 13(3), 293-317, 1996. 

[2] Artzner,P., Delbaen,F., Eber,J.-M., Heath,D., Thinking Coherently, RISK 
10, pp. 68-71, 1997. 

[3] Artzner,P., Delbaen,F., Eber,J.-M., Heath, D., Coherent measures of risk, 
Mathematical Finance 9, no. 3, pp 203-228, 1999. 

[4] Barles, C, Imbert, C, Second-order elliptic integro-differential equations: 
viscosity solutions' theory revisited, Ann. I. H. Poincare-AN, 25, 567-585, 
2008. 

[5] Bertoin, J., Levy Processes, Cambridge University Press, 1996. 

[6] Crandall, M., Scmidiffcrcntials, quadratic forms and fully nonlinear elliptic 
equations of second order, Ann. Inst. H. Poincare Anal. Non Lineaire, 6(6), 
419-435, 1989. 



26 



[7] Crandall, M., Ishii, H., Lions, P.-L., User'S Guide To Viscosity Solutions 
Of Second Order Partial Differential Equations, Bulletin Of The American 
Mathematical Society, 27(1), 1-67, 1992. 

[8] Daniell, P.J., A general form of integral, Ann. Math. 19, 279-294, 1918. 

[9] Delbaen,F., Coherent measures of risk on general probability space, In: Ad- 
vances in Finance and Stochastics, Essays in Honor of Dieter Sondermann 
(Sandmann,K., Schonbucher,P.J. eds.), Springer, Berlin, pp 1-37, 2002. 

[10] Dellacherie,C, Meyer, P.A., Probability et Potentiel, Chap. IX-XI, Her- 
mann, Paris 1983. 

[11] Denis, L., Martini, C, A Theoretical Framework for the Pricing of Contin- 
gent Claims in the Presence of Model Uncertainty, The Annals of Applied 
Probability, vol. 16, No. 2, pp 827-852, 2006. 

[12] Denis, L., Hu,M., Peng,S., Function spaces and capacity related to a 
sublinear expectation: application to G-Brownian Motion Pathes, see 
larXiv:0802.i240l l [math.PR] 9 Feb 2008. 

[13] El Karoui, N., Quenez, M.C., Dynamic programming and pricing of con- 
tingent claims in incomplete market, SIAM J. Control Optim. 33(1), 1995. 

[14] Feyel,D., De La Pradelle,A., Espaces de Sobolev Gaussiens, Ann. Inst. 
Fourier, 39-4, pp 875-908, 1989. 

[15] Huber,P., Robust Statistics, Wiley, New York, 1981. 

[16] Hu, M., Peng,S., On representation theorem of G-expectations and paths of 
G-Brownian motion, Acta Mathematicae Applicatae Sinica, English Series, 
25(3), 539-546, 2009. 

[17] Jakobsen, E.R., Karlsen, K.H., A "maximum principle for semicontinu- 
ous functions" applicable to integro-partial differential equations, NoDEA 
Nonlinear differ, equ. appl., 13, 137-165, 2006. 

[18] Levy, P., Theorie de 1' Addition des Variables Aleatoires, Gauthier-Villars, 
Paris, 1954. 

[19] Peng,S., Filtration Consistent Nonliear Expectations and Evaluations of 
Contingent Claims, Acta Mathematicae Applicatae Sinica, English Series 
20(2), 1-24, 2004. 

[20] Peng,S., Nonlinear expectations and nonlinear Markov chains, Chin. Ann. 
Math.26B(2), 159-184, 2005. 



27 



[21] Peng,S., G-Expectation,G-Brownian Motion and Related Stochastic Calcu- 
lus of Ito's type, In Stochastic Analysis and Applications, Able Symposium 
2005, Abel Symposia 2, Edit Benth et al., 541-567. 

[22] Peng,S., Multi-Dimensional G-Brownian Motion and Related Stochastic 
Calculus under G- Expect at ion, Stochastic Processes and their Applications 
118, 2223-2253, 2008. 

[23] Peng, S., G-Brownian Motion and Dynamic Risk Measure under Volatility 
Uncertainty, lecture Notes: larXiv:0711 ."2834V 1 [math.PR] 19 Nov 2007. 

[24] Peng, S., A New Central Limit Theorem under Sublinear Expectations, 
Preprint: larXiv:0803.2656V l [math.PR] 18 Mar 2008. 

[25] Peng, S., Survey on normal distributions, central limit theorem, Brownian 
motion and the related stochastic calculus under sublinear expectations, 
Science in China Series A: Mathematics, 52(7), 1391-1411, 2009. 

[26] Revuz,D. and Yor,M., Continuous Martingale and Brownian Motion, 
Springer Verlag, Berlin-Heidelberg-New York, 1994. 

[27] Sato, K.-L, Levy Processes and Infinitely Divisible Distributions, Cambridge 
University Press, 1999. 

[28] Yan, J. A., Lecture Note on Measure Theory, Science Press, Beijing, 1998, 
Chinese version. 

[29] Yosida, K., Functional Analysis, sixth ed., Springer, 1980. 



28 



